Linear Threshold for Oertel’s Conjecture on the
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Abstract Griinbaum’s inequality guarantees that the centroid of a convex
body has halfspace depth at least 1/e: every halfspace containing the centroid
captures at least a 1/e fraction of the body’s volume. For mixed-integer convex
sets S = C'N (Z" x RY) where C is a convex body, Oertel [12] conjectured that
there exists y € S such that every closed halfspace H containing y satisfies
Ha(SNH) > 52-H4(S), where H4(X) denotes the d-dimensional Hausdorff
measure of X C Z" x R®. This conjecture is closely connected to complexity
bounds for cutting plane methods and information complexity in mixed-integer
convex optimization. Basu and Oertel [2] established this conjecture for sets of
sufficiently large lattice width, with the required lower bound on lattice width
depending exponentially on the dimension. More recently, Cristi and Salas
[5] reduced this threshold to a polynomial one by assuming that projg. (C)
contains a Euclidean ball of radius at least 1178 d?n?/2. We prove that when
projg- (C) contains an £, ball of radius k > 3¢(n + d), which is linear in the
dimensions n and d, there exists y* € S such that every closed halfspace H
containing y* satisfies

Ha(S N H) > (1 - 3("2‘,:‘”) Ha(S).

In particular, when k > 3e(n+d) we obtain Hq(SNH) > 5=Ha(S) > 5=Ha(S),
thus verifying Oertel’s conjecture for a significantly larger family of sets than
previous results. We also show that this linear scaling is necessary: when the
radius is sublinear in the total dimension, the maximum achievable halfspace
depth can be arbitrarily small relative to the total mixed-integer volume, so no
dimension-independent constant fraction lower bound is possible under such an

assumption alone. However, the conjecture remains open in its full generality.
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1 Introduction

Cutting plane methods for convex minimization maintain a localization region
and repeatedly refine it using separating halfspaces [9, 11]. Many progress
bounds for such methods are stated in terms of volume decrease or related
volume based potentials [15]. This motivates geometric depth guarantees: a
halfspace containing a specified point should capture a constant fraction of the
volume. Griinbaum’s inequality provides such a guarantee for the centroid: any
hyperplane through the centroid of a convex body splits it so that each closed
side contains at least a 1/e fraction of the volume [8].

We study a mixed-integer generalization of this depth guarantee. Let C' C
R"*4 be a convex body and let S = C N (Z" x RY). Following Oertel [12], we
measure the size of S by its mixed-integer volume H4(S), the d-dimensional
Hausdorff measure of S as a subset of the mixed-integer lattice Z" x R%; or
equivalently, the sum >, ;. volg(S N ({z} x R?)), where voly(-) denotes the
usual d-dimensional volume. QOertel conjectured that there exists a point y € S
such that every closed halfspace H containing y satisfies Hq(SNH) > 5--Ha(S5).
The factor 2™ is unavoidable in general. In the pure integer case d = 0, taking
C =10,1]™ gives S = {0,1}", and for every y € S there exists a closed halfspace
containing y that captures only one point of S, so Ho(S N H) < 27"H(S5).
This scale is also consistent with the combinatorial complexity of the integer
lattice: Doignon’s theorem shows that the Helly number of Z™ equals 2™ [6], and
related Helly type bounds appear throughout integer optimization [1]. Oertel’s
conjecture is closely connected to complexity bounds in cutting plane methods
and to the information complexity of mixed-integer convex optimization [2, 3].

Existing results verify the conjecture (stated precisely below as Conjec-
ture 2.3) for sets whose projection K = projg.(C) is large in a quantitative
sense. Basu and Oertel [2] established it when K has lattice width at least
Q2((n + d)®/?n"*2), a threshold that grows exponentially in n. Cristi and Salas
[5] reduced this to a polynomial threshold by assuming that K contains a
Euclidean ball of radius at least 1178 d?n?3/2.

Our main result, Theorem 2.4, establishes a linear threshold. If K contains
a translate of kB with k > 2¢(n + d), then there exists y* € S such that
every closed halfspace H containing y* satisfies

Ha(S N H) > (% - 3(”27;‘1))%(5).

When k > 3e(n+ d), the bound becomes H4(S N H) > 5-H4(S), which implies
the conjectured 2,}, - bound for all n > 1. Corollary 2.5 states the corresponding
centerpoint guarantee. We also show that a linear threshold is necessary in
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a precise quantitative sense: Theorem 5.1 and Corollary 5.2 prove that any
dimension independent constant fraction guarantee based solely on the existence
of a translate of kB2 in K requires k to scale linearly in n + d.

We compare our £, ball condition with the Euclidean ball condition in Cristi
and Salas [5]. A Euclidean ball of radius R contains the ¢, ball (R/\/n)BZ .
Hence, R > 3¢,/n (n + d) suffices to apply Theorem 2.4, and R > 3e\/n (n+d)
suffices for the 2—1e—depth guarantee in Corollary 2.5. Compared to the threshold
R > 1178d?n?/? in Cristi and Salas [5], our Corollary threshold replaces
the scaling d?n®/? by \/n(n + d), which corresponds to dropping the sum of
exponents from 3.5 to 1.5. It also lowers the leading constant from 1178 to
3e ~ 8.15 and replaces quadratic dependence on d by linear dependence. At
a high level, our proof compares mixed-integer volume and Lebesgue volume
via Minkowski thickening and erosion (Lemma 3.8). This comparison exploits
slice concavity from the Brunn—-Minkowski theory [7, 14] together with a
symmetrization argument [10]. We then perform a centroid rounding step and
conclude using Griinbaum’s inequality [8].

The remainder of the paper is organized as follows. Section 2 fixes notation
and states our main results. Section 3 develops the volume comparison tools.
Section 4 proves the main theorem and corollary. Section 5 establishes the
necessity of a linear threshold.

2 Background and main results

2.1 Basic notation

Throughout, n,d € Z~g. We write points in R"t¢ = R" x R? as
y = (z,x), zeR" xeRY,

and let projg. : R"*¢ — R” be the projection onto the first factor, i.e.,
projgn (2z,x) = z. For a set A C R"*4 we write

projgn (A) := {proje.(y) : y € A} CR".
For z € R™, we define the z-fiber of A by
A, = {xeR?: (z,x) € A} CR%

For the remainder of this paper, fix a convex body C' C R"* i.e., a compact
convex set with int(C) # 0, and define the mixed-integer lattice and the feasible
mixed-integer set

A:=7" x R?, S:=CnA, K := projg.(C) C R™.
For any convex body D C R"t¢, we write

Sp:=DnNA, Kp = projg. (D) C R".
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We will use the cube
Q:=[-1/2,1/2]", B :={ueR": ||ul|e <1},
so that B, = 2@Q. For A C R", define the Minkowski sum and erosion by
A+Q:={a+q: a€ A, q€Q}, AeQ:={zeR": z4+Q C A}.

2.2 Mixed-integer volume

For m € Z~¢, we write vol,, for the m dimensional Lebesgue measure (with
the ambient space clear from context).
For a measurable set A C A, we define its mized-integer volume as

Ha(A) =) vola(4,). (1)
zEL™

If A is bounded, then only finitely many z € Z" yield a nonempty fiber,
and hence H4(A) < oo. In particular, Hq(S) < oo since C' is bounded.

2.3 Halfspace depth and centerpoints

A (closed) halfspace in R"* is a set of the form
H={yeR": aly >}, acR"\ {0}, ceR.

Definition 2.1 (Halfspace depth and centerpoints) For y € S, define
the halfspace depth of y with respect to S by

hs(y) == inf {H4(SNH): H C R""%is a closed halfspace and y € H} .
The set of centerpoints of S is
C(S) := argmaxy g hs(y)-

For m € Z~( and a convex body D C R™, we denote its centroid by

(D) := m/l)udu.

We will use the classical Griinbaum inequality [8] in the following form.

Theorem 2.2 (Griinbaum) Let m € Z~q and let D C R™ be a convex body
with centroid ¢(D). For every closed halfspace H C R™ with ¢(D) € H,
mo\™ 1
> | — > - .
volu (DN H) > (m - 1) voln(D) = = voly (D)

Oertel [12] conjectured the following mixed-integer analogue, with the
additional factor 1/2™ reflecting the Helly number of Z".

Conjecture 2.3 (Oertel’s conjecture) For any convex body C' C R"*¢ there
exists a point y € S = C' N (Z" x R?) such that for every closed halfspace H
containing y,

1
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2.4 Main results

Our main result verifies Conjecture 2.3 under a linear threshold condition on
the ¢, radius of the projection.

Theorem 2.4 Let C C R""? be a convex body, and let S = C' N (Z” X Rd).
Write K = projgn(C) C R™. Assume that there exist zg € R™ and k > 0 such
that

70+ KB C K, kz%(ner). @)

Then there exists y* € S such that for every closed halfspace H C R™"+ with
y*€H,
1 3(n+4d)

Hy(SNH) > (g - T)Hd(S). (3)

) 4
+, and hence (3) yields Hq(S N H) > 5 Hq(S) for every closed halfspace
H C Rt with y* € H. As 2—16 > ﬁ for all n > 1, this verifies Conjecture 2.3
for all sets satisfying (2) with k& > 3e(n + d). We summarize the corresponding

centerpoint implication in Corollary 2.5.

If in addition k > 3e(n+d), then the coefficient in (3) satisfies X — w >

Corollary 2.5 Assume the hypotheses of Theorem 2.4, and suppose in addition
that k > 3e(n +d). Then C(S) # 0, and every y € C(S) satisfies

1 1
> -
2e - 27e

Ha(S). (4)

We also show that a linear ¢, radius in the total dimension n + d is
necessary if one seeks a dimension-free constant fraction guarantee based only
on the existence of a translate of kKB, in the projection. See Theorem 5.1 and
Corollary 5.2.

Theorem 2.4 remains valid if the axis aligned cube kB, is replaced by a
unimodular image kUBZ . This relaxes (2) by allowing the cube to be aligned
with an arbitrary integer basis of Z".

Corollary 2.6 Let C C R be a convex body with S := C N (Z” X Rd) and
K := projg.(C). Assume that there exist zg € R", k > 3¢(n + d), and an
integer matrix U € Z*™ with |detU| = 1 such that

7o+ kUB”, C K. (5)

Then there exists y* € S such that for every closed halfspace H C R™"+ with
y* € H,
1 3(n+d)

Ho(SNH) > (g - T)’Hd(S).
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3 A comparison lemma for mixed-integer volume

The goal of this section is to prove the following comparison inequality, which
relates the mixed-integer volume H4(Sp) to the Lebesgue volume vol,,14(D)
when the projection of D contains a large /., ball.

Lemma 3.1 (Comparison inequality) Let D C R"*% be a convex body and
recall Kp := projg.(D) C R™ and Sp := DN (Z™ x RY). Assume that there
exist zp € R™ and k > 1/2 such that

Then we have
1 Y ol a(D) < Ha(Sp) < (14 ) " vol,u(D). (7
(1-57)  volura(D) < HaSp) < (145;)  volusa(D). (7)

The key idea is to express both volumes via layer cake decompositions (see, for
example, [13, Theorem 8.16]) over the superlevel sets L, := {z € R" : g(z) > s},
where g(z) := volg(D,)"/? is the “slice radius”:

Ha(Sp) :d/ s1TTIH(L,NZ")ds,  volniq(D) =d/ s 1vol, (L) ds.
0 0

The second equality is the usual layer cake formula (9), and the first identity
follows from (1) with the same layer cake argument for counting measure
(derived in (26)). A lattice sandwich lemma (Lemma 3.2) then bounds the
lattice point count by the Lebesgue measure of thickened and eroded level sets,
where we recall that Q = [—1/2,1/2]™:

vol,(Ls ©Q) < #(LsNZ") < vol,(Ls + Q).

The main technical ingredient (Lemma 3.8) controls the effect of thickening and
erosion on these volumes via a Brunn—Minkowski based concavity argument
for g and a scaling argument:

%) 1 n+d ey
d/ ST voly(Ly +Q)ds < (14 o) d/ 571 voly (Ls) ds,
| 2k 0

with an analogous lower bound for erosion. Combining these ingredients yields
the comparison inequality in Lemma 3.1.

The remainder of this section develops these tools. Section 3.1 establishes
the layer cake representations and the lattice sandwich lemma. Section 3.2
proves the concavity of slice radii via Brunn—-Minkowski. Section 3.3 proves
the integrated thickening/erosion bounds. Section 3.4 assembles the proof of
Lemma 3.1.
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3.1 Layer cake decomposition
Lemma 3.2 (Lattice sandwich) Let A CR"™ be closed. Then

vol, (A6 Q) < #(ANZ") < vol,(A+ Q). (8)

Proof Since A is closed and @ is compact, the sets A© @ and A+ Q are closed
and hence Borel measurable.
For the left inequality, consider the union

U:= U (z+ Q).

z€ ANZ™

We claim that A6 @Q CU. Fix (€ Ao Q. Then ( + Q C A. Since QQ =
[—-1/2,1/2]™, there exists z € Z" with z € ( + Q (choose z; by rounding ¢;
to the nearest integer point). As ( + Q C A, we obtain z € ANZ", and also
¢ € z+ Q. This shows ( € U.

By subadditivity of Lebesgue measure and the fact that vol,,(Q) = 1,

vol, (A6 Q) < vol,(U) < Y volo(z+ Q) = #(ANZ").
zEANZL™

For the right inequality, note that for every z € ANZ",
z+int(Q) C A+ Q,

since z € A and int(Q) C Q. The sets {z + int(Q) : z € Z"} are pairwise
disjoint. Therefore,

#Anzh = Y voln(int(Q)):voln< U (z+int(Q)))§voln(A+Q),

zc ANZ™ zE ANZ™

which completes the proof.

Lemma 3.2 is the bridge between lattice point counting and continuous
volume. The Minkowski sum A + @ and erosion A © @ provide upper and
lower bounds on the lattice point count in terms of Lebesgue measure. When
A is sufficiently large compared to @, the difference between vol,, (A + Q) and
vol, (A & Q) is small relative to vol,(A), making the bounds tight. See, for
example, Beck and Robins [4].

Lemma 3.3 (Layer cake) Let g:R™ — [0,00] be Lebesgue measurable and
let d € Z~y. Then

/ g(z)¢dz = d/oo s tvol, ({z: g(z) > s}) ds. (9)
n 0
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Proof Fix Lebesgue measurable g > 0 and an integer d > 1. For any a € [0, o0]
we have a = [* 1{,5 dt. Therefore,

(e ]
/ Q(Z)ddz:/ / 1(yise dt dz
R~ A
o0
:/ / 1{9(Z)Zt1/d}dz dt
0 R™

:/ voln({z: g(z) ztl/d}) dt

0

= d/ooo s 1vol, ({z: g(z) > s})ds,

where the second line uses Tonelli’s theorem and the last uses the substitution

t = s

The power of the layer cake decomposition lies in the following observation.
For a nonnegative function g on K, both the continuous integral | % g(z)? dz
and the discrete sum Y, ;7. 9(2)? admit parallel representations via the
superlevel sets Ly := {g > s}. Indeed, Lemma 3.3 gives

/ g(Z)ddZ = d/ Sd_l VOln(Ls) dSa
K 0

and the same calculation applied to the counting measure yields (as we will
derive in (26))

> glz) = d/ sTI4 (L, N Z") ds.
zEKNZ" 0

This structural similarity reduces the comparison of continuous and discrete
volumes to a purely geometric problem: relating the lattice point count #(Lg N
Z") to the Lebesgue measure vol, (Ls) for each level set Lg, via Lemma 3.2.

3.2 Concavity of slice radii

For z € R", define
f(z) :=volyg(Cy). (10)
Since C, = 0 for z ¢ K, we have f(z) =0 on R"\ K.

Lemma 3.4 (Upper semicontinuity of slice volumes) The function
f:R™ = [0,00) is upper semicontinuous. In particular, for every s > 0 the set

{zeR": f(z)>s}

1s closed in R™ and contained in K.
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Proof Fix z € R™ and let z;, — z in R™. We show limsup,_, . f(zr) < f(2).

If z ¢ K, then 0 := dist(z, K) > 0 since K is closed. For all large k,
|z — z||2 < 0/2, hence dist(zy, K) > /2 > 0 and z, ¢ K. Therefore f(zy) =
0 = f(=) for all large k, so the claim follows.

Now assume z € K. Let € > 0 and set U := C, + e {x € R?: |x[]2 < 1}.
The set U is open in R? and contains C,. We claim that C,, C U for all large
k such that z; € K. If not, then there exist a subsequence z; and points
Xy, € Cij with x;.. ¢ U. Since C' is compact, the sequence (zy,,x;) € C has
a convergent subsequence to some (z,x) € C. Then x € C, C U, and since U
is open, x, € U for all large j, a contradiction.

Therefore, for all large k, we have C,, C C,+ B¢ (if z;, ¢ K, then Cp, = 0),
and thus

f(zy) = volg(Cy, ) < volg(C, + €BY).

Taking lim supy,_, . gives limsupy_, .. f(zx) < volg(Cy + €BS). Now take €, :=
1/m and set E,, := Cy + ¢,BS. Then (E,,) is a decreasing sequence of closed
sets with (,,~; Em = C. Since C is compact, F; is bounded and hence
volg(E;) < oo. By continuity from above for Lebesgue measure, voly(FEy,) |
voly(Cy). Therefore, limsup,,_, o, f(zx) < inf,,>1 volg(Ey,) = voly(Cy) = f(z).
Since f(z) = 0 for z ¢ K, we also have {z € R": f(z) > s} C K for every
s> 0.

We will use the Brunn—Minkowski inequality in the following standard form
(see, e.g., [14]).

Theorem 3.5 (Brunn—Minkowski) Let A, B C RY be Lebesque measurable
sets with finite volume. For every X € [0,1],
volg((1 =N A+ AB)Y" > (1= A)volg(A)Y + Avoly(B)/4.
Lemma 3.6 (Brunn concavity) Define g: R" — [0,00) by
9(z) = f(z)"/". (11)
Then g is concave on K and upper semicontinuous on R™.

Proof Let z1,2z2 € K and X € [0,1]. Put z) := (1 — A\)z; + Az2. By convexity
of C,
(1 =XN)Cypy + ACq, C Cy, .

Applying Theorem 3.5 and taking dth roots yields

g(zx) = vola(Cy, ) '/
> (1= A) volg(Cy, )4 + Avoly(Cy, )
= (1—=XN)g(z1) + Ag(z2),

which is concavity.
Upper semicontinuity follows from Lemma 3.4 and continuity /monotonicity
of t /¢ on [0, 00).
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3.3 Thickening and erosion bounds

Let f, g be defined as in (10) and (11). For s > 0, define the superlevel set
Ly:={zeR": g(z) > s}. (12)

If s > 0, then Ly C K (Lemma 3.4). In particular, L is bounded for every
s > 0. Note that Ly = R", but its value plays no role in the s integrals below.

Lemma 3.7 (Q-envelopes) Let g be as defined in (11) and Ls be as in (12),
and recall @ = [-1/2,1/2]™. Define

9+(z) =supg(z—a),  g-(2):= inf g(z+q). (13)
qeQ qeQ

Then for every s > 0,

{2: gi(2) 2 s} =L, +Q, {z: g-(&)=s}=L,oQ.  (14)

In particular, g+ and g— are upper semicontinuous and hence Lebesgue mea-
surable.

Proof Fix s > 0. For g,, we have z € {g; > s} if and only if there exists
q € @ such that g(z — q) > s, which is equivalent to z — q € Ly and hence
toz € Ls + Q. For g_, we have z € {g_ > s} if and only if g(z + q) > s for
all g € Q, i.e., z+ Q C L, which is precisely z € Ly © Q. This proves (14).
Since L is closed and @ is compact, both Ly +Q and L; 6 Q = ﬂqu( —q)
are closed. Hence g4 and g_ are upper semicontinuous and therefore Lebesgue
measurable.

Figure 1 provides a complementary geometric view (shown for n = 2) of
the level sets and envelopes Ly, Ls + @, and Ly © @ that are integrated in
Lemma 3.8.

Figure 2 shows a one dimensional slice of the envelope construction in
Lemma 3.7, clarifying how g, and g_ control the discrete layer cake sum via
(14).

Lemma 3.8 (Integral thickening and erosion) Let K C R™ be a convex
body and let g : R™ — [0,00) be as defined in (11) and let Ls be as in (12).
Assume that there exist c € R™ and k > 0 such that

c+2kQ C K. (15)

Then for every integer d > 1,
1 n+d
d/ ol (L + @) ds < (14 o) d/ ~Lyol, (L,)ds.  (16)
If in addition k > 1/2, then

oo 1 \n+d o0
d/ Sd71 VOln(Ls © Q) ds Z (1 - 7) d/ Sd71 VOln(LS) ds. (17)
0 2k 0
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Fig. 1 Geometric view (shown over Z? X R) of the superlevel set L; = {z € R? : g(z) > s}
and the sets Ls + Q and Ls © Q. At level s, the union UzeLanZ (z + Q) has H2 measure

#(Ls N Z?) and satisfies Ls © Q C User.nz2(z + Q) C Ls + Q, which is the geometric
content of Lemma 3.2. :

Proof Translate coordinates so that ¢ = 0. This does not change the integrals
in (16) and (17). Thus we assume 2kQ C K.
Define the set

E:={(z,x) € R" x RY: ze K, |x|2 < g(z)}.

Each z fiber is replaced by a centered Euclidean ball of radius ¢(z), a fiberwise
Schwarz symmetrization [10]. The set E is convex: if (z;,x;) € F and A € [0, 1],
then z) = (1 — \)z1 + Az2 € K by convexity of K, and

[ (T=N)x1+Ax2 [l2 < (1= A)[[x1]l2 + Allx2ll2 < (1—N)g(z1) +Ag(z2) < g(z),

where the last inequality uses concavity of g on K (Lemma 3.6). Hence (zy, (1 —
)\)Xl + )\Xg) € FE.

Let vg := volg({x: ||x|l2 < 1}), the d-dimensional Lebesgue measure of
the Euclidean unit ball in R%. For each z € K, the x fiber {x: ||x||2 < g(z)}
equals the dilation g(z) {x: [|x||2 < 1}, so

vola({x : [[x]|2 < g(2)}) = vag(z)".

Since g(z) = 0 on R™\ K, we have [, g(z)?dz = [, g(z)? dz. For each z € R",
let B, :={x€R?: (z,x) € E}. Then E, = {x: ||x|2 < g(z)} if z € K, and
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slice radius

A

—Q—

\
(4

z—2u zZ—u z z+u z+2u affine line in R™

Fig. 2 One dimensional restriction along an affine line in R™ of the envelope identities in
Lemma 3.7. The blue dashed curve is g, and the gold and green curves are g+ and g—. The
red columns correspond to unit cells centered at integer points on the slice. Equation (14)
identifies the superlevel sets of g4 and g— with Ls + Q and Ls © @, which are integrated in
(16) and (17).

E, = () otherwise. In particular, f]Rd 15(z,x)dx = voly(E,) for every z € R™.
By Tonelli’s theorem, we have

vol,+q(E) = /Rwd 15(z,x)d(z,x) = /n /Rd 15(z,x)dx dz

_ / oly(E,) ds = /EKvoldqx: Ix]l> < g(2)}) dz.

Combining with the identities above yields

vol,4+q(F) = vd/ g(z)? dz. (18)
Since g is upper semicontinuous by Lemma 3.6, it is Lebesgue measurable.
Applying Lemma 3.3 to ¢g¢ and using {g > s} = L, gives

/n g(z)?dz = d/ooo 571 vol, (L) ds. (19)

Next consider Et := E + (Q x {0}). For each z € R", write EJ for the
z-fiber of E7 (i.e., the x-section at z). Then x € E;f if and only if (z,x) € ET,
i.e., there exists q € @ such that (z — q,x) € E. This is equivalent to saying
there exists q € Q with z — q € K and ||x||2 < g(z — q). Thus,

Ef= |J gz—q)BY.

aeQ
z—qEK
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If the index set is empty, then EJ is empty and has Lebesgue measure 0.
Otherwise, the index set is compact and the map q — g¢g(z — q) is upper
semicontinuous, so it attains its maximum at some q, € ) with z—q, € K. The
ball {x: ||x||2 < g(z — q5)} contains all other balls in the union, and hence the
union equals this ball. Its radius satisfies g(z — q,) = maxqeq 9(z — q) = 9+ (2),
so the fiber E;} has d-dimensional Lebesgue measure vy g4 (z)?. Applying
Tonelli’s theorem yields

vol,1q(E™) = / volg(E, ) dz = vd/ g4 (2)? dz.

n n

By Lemma 3.7, {z: ¢g+(z) > s} = Ls 4+ Q for every s > 0, and g is Lebesgue
measurable. Applying Lemma 3.3 to gff_ yields

oo
vol,+q(ET) = vg d/ s vol,, (Ls + Q) ds. (20)
0

Now consider the erosion E~ := F © (Q x {0}). For each z € R", write
E; for the z-fiber of E~ (i.e., the x-section at z). By definition of Minkowski
erosion, x € E if and only if (z,x)+(q,0) € FE foreveryq € Q, i.e.,z+Q C K
and ||x||2 < g(z + q) for all q € Q. Hence E,; = () unless z + Q C K, in which
case

E; = () {x: Ixll2 < g(z +q)}
qeQ

=4qx: ||x]|2 £ inf g(z +
{x: 1o < nf ota+0) )

={x: [xll2 < g-(2)}.

Since all balls are centered at the origin, the intersection is again a ball, whose
radius is the infimum of the radii. If z+ Q € K, then E; =0 and g_(z) =0
because there exists q € Q with z+ q ¢ K and hence ¢g(z + q) = 0. If
z+ Q C K, then infqeq g(z + q) = infqeq 9(z + q) = ¢g—(2z). In either case,
volg(E; ) = vgg—(z)?. Applying Tonelli’s theorem yields

n n

volyd (E o (Q x {0})) =volp+q(E7) = / volg(E; )dz = vd/ g—(z)% dz.
By Lemma 3.7, {z: ¢g_(z) > s} = L; ©Q for every s > 0, and g_ is Lebesgue
measurable. Applying Lemma 3.3 to g¢ yields

volusa(E S (@ (0) =vad [ sl (Lo@)ds. (21)

We now compare these volumes to vol,4(F) by a scaling argument. Let
€ := 1/(2k). The key observation is that the convexity of E allows us to
control its Minkowski sum by a simple dilation: since E contains a translate
of 2kQ x {0}, adding @ x {0} to E enlarges it by at most a factor of (1 + €).
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Since 2kQ C K, for every q € @) the point (2kq,0) lies in E. Fix (z,x) € F
and q € ). Then

1 €
 rq0).
(%) + 1 (24q,0)

(2,%) + (a,0) = (2,%) + ¢(2kq, 0) = (1 + ) (
The convex combination in parentheses belongs to E by convexity of E. Hence
EtT C(1+¢E. (22)

Taking volumes gives

volpya(ET) < (14 €)"vol, q(E).

Substituting (18), (19), and (20) into this inequality and recalling that e =
1/(2k) gives

vdd/ s ol (Lo + @) ds < (14 ) wdd/ 511 vol, (L) ds.
0 0

Canceling vq yields (16).
For erosion, assume k > 1/2, so € € (0,1). Fix (z,x) € F and q € Q.
Convexity of E gives
(1 —¢€)(z,x)+ €(2kq,0) € E.
Since €(2kq,0) = (q,0), this means
(1*6)(Z,X)+(q,O)GE quQ,
which is equivalent to (1 — €)(z,x) € E© (Q x {0}). Therefore,

(1-¢eECEs(Qx{0}). (23)

Taking volumes gives
(1= )" vol,ya(E) < volyia (E S (Q % {0})).

Substituting (18), (19), and (21) into this inequality and recalling that e =
1/(2k) gives

1 \nt+d S
(1 - —) vad 5971 vol, (L,)ds < vg d/ “Lvol,(Ls © Q)ds
2k 0

Canceling v, yields (17).
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|~

(1—e)E C E- C EC ET C (1+¢E, €=

|
B

Fig. 3 Geometric view (shown for n = d = 1) of the symmetrized body E =
{(z,x) eR" xR?: z€ K, |x||2 < g(z)} (blue) together with its Minkowski thickening
Et = E+(Q x {0}) (gold) and erosion E~ = E © (Q x {0}) (green). For z € R™, the x
fibers of £, Et, and E~ are centered Euclidean balls whenever they are nonempty, with
radii given by ¢(z), g+(z), and g—(z) from (13). The dashed sets depict the dilations (1+¢)E
with € = 1/(2k), and (22) and (23) compare these dilations with Et* and E~.

3.4 Proof of the comparison inequality

Proof (of Lemma 3.1) For z € R™, define
f(z):=volg(Dy,),  g(z) := f(z)"/"

Applying Lemma 3.4 to D in place of C, the function f is upper semicontinuous
on R™. Applying Lemma 3.6 to D in place of C, the function g is concave on
Kp and upper semicontinuous on R™. For s > 0, define Ly = {z: ¢g(z) > s}.
In particular, g is Lebesgue measurable.

By Fubini’s theorem,

vol,+q(D) = / voly(D,)dz = f(z)dz.
n Kp
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Since g? = f on R”, we also have Jip I = Jgn g%. Applying Lemma 3.3 to ¢¢
gives

vol,1q(D) = i (z)dz = /n g(z)?dz = d/ooo 5771 vol, (Ls)ds.  (24)

On the other hand, since D is bounded, only finitely many z € Z™ yield a
nonempty fiber D N ({z} x R?), and thus

Ha(Sp) = > vola(DN ({z} xRY)) = > f(z)= > g(z)*. (25)

For each z € Z™ we use the elementary identity

9(z) oo
9(z)* = d/ s lds = d/ s g ()57 ds,
0 0

where the second equality rewrites the integral over [0, g(z)] using an indicator
function. Since the integrand is nonnegative, Tonelli’s theorem allows us to
exchange the sum and the integral in (25). Moreover, for each s > 0 we have
Y ozern Lig@)>sy = #1{2 € Z" : g(z) > s} = #(LsNZ"). This quantity is finite
since Ly C Kp for s > 0 and Kp is compact. Moreover, the value at s = 0
does not affect the integral. This yields

Ha(Sp) = d/ sd-1 Z Lig(a)>s} ds :d/ sTIH(L,NZ™)ds.  (26)
0 zE7n 0

For each s > 0, the set L, is closed (Lemma 3.6), so Lemma 3.2 applies
and yields

volp(Ls © Q) < #(Ls NZ") < vol,(Ls + Q).
Multiplying by ds?~! and integrating in s gives

d/ s?vol, (Ls © Q) ds < Ha(Sp) < d/ st vol, (L + Q) ds. (27)
) 0

Assumption (6) is equivalent to zp + 2kQ C Kp. Thus Lemma 3.8 applies
to Kp with center ¢ = zp and parameter k. Combining (27) with (16) and
(24) gives

1 \n+d o0 1 \n+d
< = d—1 _ 4 .
Ha(Sp) < (1+ 2k) d /0 st voly (L) ds = (1+ 2k) volsa(D)
Similarly, combining (27) with (17) and (24) gives
1 \n+d 0 1 \n+d
> - d—1 — o .
Ha(Sp) > (1 Qk) d/0 s*7 vol,(Ls) ds (1 2k) voly44(D)

This proves (7).
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4 Proof of main results

We now prove Theorem 2.4 and Corollary 2.5. Recall that S := C' N (Z" x R?),
We build a mixed-integer point y* € S by shrinking C to a body C’ C C whose
centroid has an integer R™-projection (Lemma 4.2), and we set y* := ¢(C’) € S.
Fixing a halfspace H with y* € H, Griinbaum’s inequality (Theorem 2.2)
controls the Lebesgue volumes of the two pieces of C’ cut by 0H. A geometric
bisection argument (Lemma 4.3) guarantees that one of the two pieces contains
a translate of %C’ , hence still has a sufficiently large projection. We then
invoke the comparison lemma (Lemma 3.1) to convert these Lebesgue-volume
bounds into mixed-integer volume bounds for S. A short case analysis handles
whether the “thick” piece coincides with C' N H or with its complement, and a
Bernoulli-type estimate yields (3).

4.1 Auxiliary lemmas

The first lemma allows us to restrict attention to halfspaces whose boundary
passes through the candidate centerpoint.

Lemma 4.1 (Boundary reduction for depth) For everyy € S,
hs(y) =inf {Hqa(SNH): H is a closed halfspace and'y € OH} .

Proof Fix y € S, and let H be a closed halfspace with y € H. Write H =
{u e R aTu> c} with a # 0. If a'y = ¢, then y € OH and there is
nothing to show. Otherwise, a'y > c. Set ¢ := a'y and let

Hy = {u eR"™: au> co} .

Then y € 9Hy and Hy C H. By monotonicity of Hy, Hq(SNHy) < Hq(SNH).
Taking the infimum over all H gives the claim.

A natural candidate for the centerpoint y* is the centroid ¢(C') of the
convex body C, since Griinbaum’s inequality guarantees a halfspace depth
of at least 1/e for the (n + d) dimensional Lebesgue measure. However, the
centroid may not belong to the mixed-integer lattice A = Z" x R? because its
z component is typically not an integer vector. The following lemma addresses
this by shrinking C' toward a suitably chosen point w*, producing a smaller
body C’ whose centroid has an integer z component while retaining most of
the original volume.

Lemma 4.2 (Centroid rounding) Let C C R"*? be a convex body and
set K = projgn(C). Assume that there exist zg € R™ and k > 1/2 such that
zo + kB2 C K. Let € := 1/(2k). Then there exists w* € C such that the set
C':=(1—¢)C + ew* satisfies:

1. ' C C and vol,14(C") = (1 — )" T vol, 1 4(C).
2. projgn(c(C")) € Z".
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3. projgn(C') contains a translate of (k — 3)B .
Proof For any w € C, define
Tw(y) == (1 —€)y + ew.

For any y € C, the point Ty (y) is a convex combination of y and w. Since C
is convex and y,w € C, we have Ty (y) € C. Therefore, Ty, (C) C C.

Let DTy, denote the Jacobian matrix of Ty,. Since Ty, is affine, DTy, is
constant and equals its linear part. Thus DTy = (1 — €)1, so |det DTy| =
(1 — €)™+, Hence

volpsd(Tw(C)) = (1 — )" vol,1a(C),

proving the first item for T4 (C).
Write ¢(C) = (z¢,x¢). By the change of variables formula, centroids are
affine equivariant, i.e., ¢(T(C)) = T'(¢(C)) for any affine T. In particular,

(Tu(C)) = (1=)e(C)+ew,  projg. (e(Tw(C))) = (1= ez +eprojg. (w).

We now choose w* so that the right hand side in the second equality is an
integer vector.

The assumption zo + kB, C K is equivalent to zp + 2kQ) C K. Multiplying
by € = 1/(2k) gives ezg + Q C €K, and therefore

(1-—€zc+ezog+Q C(1—¢€)zc+ K.

The left hand side is a translate of ), so it contains an integer vector z* € Z".
By the inclusion above, z* € (1 — €)z¢ + €K, and hence there exists u € K
such that

(1 —-€)zg + eu=2z"*.

Choose w* € C' with projg.(w*) = u (such a w* exists since u € projg.(C) =
K). Now fix this choice and set C" := Ty« (C). Then

projn (¢(C”)) = projgn (¢(Tw+(C))) = 2" € Z",

proving the second item.
Finally, since projpn is linear, we have

projgn (C*) = projgn (Tw+ (C') = (1—€) projga (C)+€ projga (w*) = (1—€) K+eu.

If K contains a translate of kB”, then projg.(C”’) contains a translate of
(1 — €)kBZ,. Since (1 — €)k = k — 3, this proves the third item.

Figure 4 illustrates the centroid rounding construction of Lemma 4.2 for
the case n =d = 1.

The next lemma ensures that after cutting a convex body by a hyperplane
through a specified point, at least one side remains “geometrically large” in the
sense that it contains a half-scale copy of the original body. This is exactly
what is needed to apply Lemma 3.1 to one of the pieces.
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X
AN

C'=(1-€)C + ew™, €= 5=

Fig. 4 Centroid rounding in Lemma 4.2 (shown for n = d = 1). The centroid ¢(C) has
z projection z¢c ¢ Z", and shrinking toward a point w* € C with e = 1/(2k) yields
C’" = (1 — €)C + ew*. By affine equivariance, ¢(C’) = (1 — €)¢(C) + ew*, and w* is chosen so
that projgn (¢(C’)) = z* € Z™. The vertical lines indicate the fibers Z x R.

Lemma 4.3 (Halfspace bisection) Let D C R™*% be a convex body and let
H and H be two complementary closed halfspaces sharing the same boundary
hyperplane. Then there exists t € R"*? such that either

1 1 _
t+§D§DﬁH or t+§D§DﬂH.

Proof Let H = {y caly > c} and H = {y caly < c} with a # 0. Choose
points y*,y~ € D attaining the maximum and minimum of a’y over D. Define
the two translates of %D by

1 1 1 1

DT = _-D+ —y* D™ =-D+ -y .

37 Y 37 T oY
Since D is convex, for any y € D we have iy + 1y € D, hence D™ C D.
Similarly, D~ C D.

Let 6 := % (aTy+ + aTy_). If ¢ < 0, we claim that Dt C H. Indeed, for

yeD,

1 1 1 1 1 _ 1
aT<§y + §y+) = iaTy + §aTy+ > iaTy + §aTy+ =0>c,

so iy +1y* € H and hence D* C DN H.
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Fig. 5 Schematic for Lemma 4.3. A hyperplane 0H(c) orthogonal to a cuts D. The sets
Dt = %D + %y"" and D~ = %D + %y_ are the two half scale translates that correspond to
the alternatives in the lemma.

If ¢ > 6, a symmetric argument shows D~ C H, hence D~ C DN H. In
both cases we obtain the desired translate of %D.

Figure 5 gives a visualization for Lemma 4.3. The same body D is cut by a
family of parallel hyperplanes orthogonal to a, and the half scale translates
DT and D~ indicate which side is guaranteed to remain large when ¢ moves
relative to 6.

4.2 Proof of Theorem 2.4

We begin by applying Lemma 4.2 to shrink C' toward a suitable point w*,
producing a smaller body C’ C C' whose centroid y* := ¢(C’) has an integer
z component and therefore lies in S. For any closed halfspace H containing
y*, Griinbaum’s inequality bounds the (n 4 d) dimensional volumes of C' N H
and C’ N H. Meanwhile, Lemma 4.3 guarantees that one of these two pieces
contains a translate of %C” , which in turn contains a sufficiently large box in
its projection and hence satisfies the hypotheses of the comparison inequality
(Lemma 3.1). We then convert between continuous and discrete volumes using
Lemma 3.1 and combine the bounds to obtain (3).

Proof (of Theorem 2.4) Assume the hypotheses of Theorem 2.4. Since k >
3¢(n +d), we have k > 1/2, so Lemmas 3.1 and 4.2 apply.
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We first construct a point y* € S with an integer projection. Let € := 1/(2k).
By Lemma 4.2, there exist w* € C' and a set

C'=1-¢)C+ew*CC

such that projg. (¢(C”)) € Z™ and projg. (C’) contains a translate of (k— 3)B7 .
Define

y* = c(C).
Then y* € ¢’ C C, and its z component is an integer vector, hence y* € A.
Therefore, y* € S.

Let H be a closed halfspace with y* € H. By Lemma 4.1, it suffices to
prove (3) under the additional assumption y* € 0H. Fix such an H and write
it as

H={y:a(y—y")>0} (a#0).

Let H = {y cal(y—y*) < 0} be the complementary closed halfspace.

A=C'NH, B:=C'NH.
Since y* = ¢(C’) € H N H, Griinbaum’s inequality (Theorem 2.2) gives

1 1
VOln_;'_d(A) > g VOln_;,_d(O/), V01n+d(B) > EVOln_;,_d(Cl). (28)

Moreover, ¢’ = AU B and AN B = C' NJH is contained in the boundary
hyperplane H, which has (n + d) dimensional Lebesgue measure 0. Therefore,
vol,4+4(C") = vol,,1.4(A) + vol,+q(B), and we obtain

! ]‘ 7
volnta(B) = voluya(C') — volya(A) < (1 - g) ol a(C').  (29)

Next, Lemma 4.3 applied to D = C’ and the split (H, H) shows that one
of A or B contains a translate of 1C”. Since projg.(C”) contains a translate of
(k—$)BL, this implies that one of projg.(A) or projg. (B) contains a translate

1 _1
of ]C_TQIB&. Since k > 3/2, we have kTQ > 1/2, so Lemma 3.1 is applicable in
either case.
We write S’ := C" N A. Since ¢’ C C, we have S’ C S and hence

Ha(S N H) > Ha(S' N H). (30)

We now distinguish the two cases, depending on whether the large projection
occurs on A or on B.
Case 1: the large projection occurs on A. Since projg.(A) contains a

translate of ?IB%QO, Lemma 3.1 yields

1

Ha(ANA) > (1 - 1)n+dvoln+d(A) - (2]“ =3

2k -1

n-+d
) vol,.4a(A).

2
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Since S’ = C'NAand A = C'N H, we have "N H = AN A. Therefore,
Ha(S'NH) =Hys(AN A), and hence, using (28),

(2k—3

1
"MH)> =
Hd(Sﬁ ) 5% — 1

e

n+d
) vol,+a(C"). (31)

We relate vol,,14(C’) to Hq(S). Applying Lemma 3.1 to C with parameter
k gives
1

$) < (1 " ol (O Loy s (2 Ny s
’Hd()_(—kﬁ) volura(C), o von+d()_(2k+1> Ha(S).

Since vol,44(C") = (1 — 5)" ¥ vol,+a(C), we obtain

2k — 1\ntd , 2k \n+d 2k —1
2k ) <2k;+1) ds)_<2k+1
Combining (31), (32), and (30) gives

n+d
Vol 4a(C') > ( ) Ha(S). (32)

Ha(snm) > L3 )

2k+1

Case 2: the large projection occurs on B. - -
Since &’ =C'NA, BNA=(C'"NH)NA=S5NH,and HUH =R""?, we

have ' = (S'NH)U(S'NH)=(S'"NH)U(BNA). By subadditivity of Hg,

(33)

Ha(S'NH) > Ha(S") — Ha(BNA). (34)

We now bound the two terms on the right hand side. First, since projg. (C")
contains a translate of (k — 3)BZ , Lemma 3.1 yields
2k —2
2k —1

Ha(S') > (1 1 )Hd volp4q(C') = ( )”+d vol,a(C).  (35)

=\ 2k—1

1
k—=
Second, since projg.(B) contains a translate of —2B% , Lemma 3.1 yields

1
k—

2k +1
2k —1

Hy(BNA) < (1 + )Wl voly4q(B) = ( )n+d Vol a(B).

1
2

Using (29), we obtain

i (- (2

Substituting (35) and (36) into (34) gives

Ha(S' N H) > {(;IZ - i)m - (1 _ é) (3: + D””} volnia(C").

n+d
) vl a(C"). (36)

Using (32) and S’ C S yields

2k;—2)n+d_( 1

Hy(SNH) > [(%H 1—6)]Hd(8). (37)
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A uniform bound. From (33) and (37), for every closed halfspace H with
y* € 0H,

S e GED T G T -0

We bound both terms from below using Bernoulli’s inequality (1 — #)**% >
1—(n+d)tfortel0,1].
For the first term,

(2k—3>"+d: (1 4 )”+d - 4(n+d) > 1 2(n+d)

2% + 1 2k +1 2%k+1 kK

and hence

k— 3y n+d d)
1(2 3)+2£ 2(n +

2k -3 _2ntd) 1 3(n+td
2k +1 e

e ek 2%k
where the last inequality uses % <

For the second term,

[\SI[9N)

— n+d n+d
(2k 2) :<1_ 3 ) > _3(n+d)21_3(n+d)7
2k+1 2k+1 2k+1 2k

and therefore

e

(2k—2)n+d7(1 1) 1 3(n+4d)

>- 7
2k +1 T e 2k

Combining the two bounds shows that for every closed halfspace H with
y* € 0H,
1 3(n+d)
mz (L3, )
Ha(SNH) > (= s ) Ha(S)
By Lemma 4.1, the same inequality holds for every closed halfspace H with

y* € H. This proves (3) and completes the proof of Theorem 2.4.

4.3 Proofs of Corollaries 2.5 and 2.6

Proof (of Corollary 2.5)

Let y* € S be the point given by Theorem 2.4. Since k > 3e(n + d), we
1 3(n+d) o

have & — =3¢ , and therefore Theorem 2.4 implies

1
2e
1

for every closed halfspace H C R"*¢ with y* € H, and hence hg(y*) >
2 Ha(S)-
Since y* € S, we have S # (. If C(S) # 0, then for any y € C(S) we have

L 20u(9).

hs(9) 2 hs(y) = 5
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Since n > 1 implies 2" > 2, we also have 3- > 71—, which yields (4). Thus, it
remains to show that C(S) # 0.
For a unit vector u € R"*¢ and t € R, define the closed halfspace

H(u,t) := {y eR™: u'y > t} .

The set S = C N A is compact because C' is compact and A is closed.

Define the set function p(A) := Hq(S N A) for measurable A C R"*9. Then
1 is a finite measure because H4(5) < oco.

Fix u € S"*4~1 and define Fy,(t) := p(H(u,t)) = Ha(SNH(u,t)). The map
F, is nonincreasing. Moreover, since H(u,t — ¢) | H(u,t) as € ] 0, continuity
from above gives Fy,(t — €) | Fyu(t). Therefore, if ¢ — ¢t and € > 0, then for all
sufficiently large k we have t, >t — € and hence Fy(tx) < Fu(t — €). Taking
lim sup,,_, ., and then letting € | 0 yields lim sup,,_, . Fu(tx) < Fu(t), so Fy is
upper semicontinuous.

Define ¢u(y) := Fu(u'y) = Ha(SN H(u,uy)). Since y — u'y is contin-
uous, ¢y is upper semicontinuous.

By Lemma 4.1, for y € S,

hS (y) = inf ¢u (y) )

uGS"*’d*l

S0 hg is upper semicontinuous. An upper semicontinuous function on a compact
set attains its maximum, so argmaxycg hs(y) is nonempty, hence C(S) # 0.

Proof (of Corollary 2.6) Consider the invertible linear map Ty : R*t¢ — R"*4
defined by

Ty (z,x) := (U 'z, x), T, ' (2z,x) = (Uz, x).

Since [det U| = 1, Cramer’s rule gives U~ Lezmxm so Ty(A) = A
Set C := Ty (C), S :=CNA, and K := projg.(C) = U"LK. Applying U~
to (5) gives

U'zg+kBL =U (20 + kUBL) CU'K = K,

so C satisfies the conditions (2) of Theorem 2.4 with the same k. By Theorem 2.4,
there exists y* € S such that for every closed halfspace H with y y*e H

Ha(S 0 H) = (L= 20500 ) 91,(5).

Set y* := Tgl(y*). Since y* € C = Ty (C), we have y* € C. Since
Tgl(/l) = A and y* € A, we have y* € A. Hence y* € S.

For every measurable set A C A and each z € Z", we have (Ty(A)), = Ay,
since (z,x) € Ty (A) if and only if (Uz,x) € A. Because z — Uz is a bijection
of Z™,

) =Y vola(Auz) = Y vola(4,) = Ha(A).

zEL™ zEL™
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Fix any closed halfspace H with y* € H, and set H := Ty(H). Then H
is a closed halfspace containing y* = Ty (y™*), and we have Ty (S) = S and
Ty (SN H) =S5N H. Therefore,

Ha(SNH) =Hy(Ty (SN H)) =Haq(SNH)
> (£ 250 ) Ha(8) = (1~ 2500 ) HalS).

This yields the desired inequality for H.

5 Sharpness of the linear threshold

This section shows that the linear scaling in Theorem 2.4 cannot, in general, be
improved if one only assumes that projg» (C') contains a translate of kB2 . We
construct a family of convex bodies whose mixed-integer volume is concentrated
on 2" “central” integer fibers, while for every point in S one can choose
a halfspace containing it that intersects this central family in at most one
fiber. Choosing the continuous dimension d large relative to kn makes the
remaining fibers negligible, leading to an exponentially small depth ratio of
order exp(—O((n + d)/k)). Thus, if k is sublinear in n + d, then we will have
exponentially small halfspace depth for any point in S.

Theorem 5.1 (Necessity of linear /., radius) For any constant o > log 2,
there exist constants v, My > 0 (depending only on o) with the following
property.

For every integer k > 2 and every integer m > 2(1+ak), there exist integers
n,d > 1 with n +d =m and a convex body C C R"*¢ such that its projection
K := projg.(C) contains a translate of kB and, writing S := C' N (Z" x RY),
one has the quantitative upper bound

sup hs(y)
yeSs Hd(s)

Figure 6 illustrates this construction for n = d = 1 with k = 3.

< M, exp(—’ya %) (38)

Proof Fix a > log?2, an integer k > 2, and an integer m > 2(1 + «k). Define

n:= hfakJ, d:=m —n.

Then n > 2 and d > 1. In fact, (1 + ak)n < m implies d = m — n > akn.
Define the center ¢ := (k+ 1)(1,...,1) € R" and the box

K :=c+kBL =3, 2k + 3™

Define the function ¢ : K — [0,1] by

1
t(z):=1-— %HZ — Cloo-
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\
[4

H = {z> k+1}

K=[%, 2k+1]

Fig. 6 Sharpness construction in Theorem 5.1 for n = d = 1 with k = 3. The body C
(blue) has projection K = [%,2k + %] onto the z axis, and the mixed-integer set S =
C N (Z x R) consists of the fiber intervals (red segments) over z € K NZ. The two central
fibers Vo = {k, k + 1} (thicker segments) have maximal radius ¢t(k) =1 — ﬁ The halfspace
H = {z > k + 1} (green) contains the fiber at z = k + 1 and excludes the equally large fiber
at z = k. Because H is closed, the boundary fiber at z = k + 1 is included.

Finally, define the convex body C' C R**? by
C:={(z,x) eR"xR*: z€ K, |x|» <t(z)}.

Since || - || is convex, the map z — —||z — c|| is concave, hence ¢ is concave.
Thus C' is convex: if (z;,x;) € C and A € [0,1], then z := (1 —A\)z1+ Azo € K
and

(1= X)x1 +Axa [la < (1= A)fxall2 + Allxella < (1= A)t(z1) + At(z2) < H(z),

SO (z,\7 (1=XN)x1+ )\Xg) € C. Moreover, since K is compact and ¢ is continuous
with 0 < ¢ <1, the set C is compact, and since ¢t(c) = 1 and ¢ € int(K), the
set C' has nonempty interior. Clearly projg.(C) = K, so K contains a translate
of kBZ..

Let S := C N (Z" x R?). Write vg := volg({x € R?: ||x||2 < 1}). For each
z € K, the fiber C, := {x: (z,x) € C} is a Euclidean ball in R? of radius #(z),
hence voly(Cy,) = vgt(z)?. Since K NZ" = {1,2,...,2k}", the mixed-integer

volume is
Ha(S)= > vola(Co)=va Y Hz)"

zEKNZ" zEKNZ"
Set

Voi={kk+1}"CZ,  #V=2", T:= Y t@"
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For z € Z", each coordinate z; — (k + 3) is an mteger plus 5,50 ||z —clloo €

1,2,2 ...} The points ofKﬂZ" Wlth |z — ¢l = 5 are exactly Vo, and for

all z € Vj one has ¢(z) = 1 — 5. Therefore,

Ha(S) = va (zn(1 _ i)d 4 T) . (39)

Fix y = (z,x) € S. We construct a closed halfspace H C R"*? with y € H
such that H intersects Vo x R? in at most one integer fiber. If z = v € Vj,
define o(v) € {£1}" by o(v); :=2(v; — k) — 1 fori € {1,...,n} and let

H:=H,:={(z,x) eR"": o(v)Tz>0o(v) v}.

Then y € H. Since o(v); = +1 when v; = k+ 1 and o(v); = —1 when v; =k,
the point v is the unique maximizer of z + o(v) Tz over Vy. Hence H intersects
Vo x R in exactly one fiber and

Hd(SﬂH)<vd<(1—21k) +T>.

If instead z ¢ Vj, then some coordinate z; ¢ {k,k+ 1}, so z; < k—1 or
z; > k + 2. In the first case take H := {(z,x) eR" .z, <k — 1} and in
the second take H := {(z,x) eR": 7, >k + 2}. In either case y € H and
HN (Vo x RY) =, hence Hq(S N H) < vgT. Since hs(y) < Ha(SN H) by
definition, it follows that for all y € .S,

hs(y) < v ((1 - i) +T) . (40)
Combining (39) and (40) yields

d
(1—L) +T T
sup Zs((y)) < 2 <27
ES d n n 1
y 2(1—%) +T 2(1- %)
To bound ﬁ, for j € {0,1,...,k — 1} define the shells
—2%
2 1
Vy={ze KNz Jz—clo = J; 3
Then (KﬂZ”)\Vo:U  V; and for z € V; one has (z) = — 21+L ‘hence
tz) 1-22 2k-2j-1 2
= k= = :
1—5 1—35 2k -1 2k — 1
Moreover, V; is contained in the cube {z € Z" : |z — c|js < @}, whose

cardinality is at most (2j+2)". Therefore, #V;/2" < (j+1)". Using 1l —z < e~ *
for any x € R and d > akn, we obtain

t(z d 27 .
<1£11k) §exp(72k_1d) < exp(—ajn), zc V.
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Therefore,

k—1

k—1 . d —
T #V 2j . i
— _ < n ajn.

Jj=1

Since j+1 < 27 for all j > 1, the summand is at most 277~ %9" = e~ (a—log2)jn
Thus

T s . e—(a—log2)n e—(a—log2)n
s —(a—log?2)jn __
2n (1 - ﬁ)d = ;e T 1 — e—(a—log2)n < 1 — e—(a—log2)" (41)
It follows that
hS(y) . e*(aflogZ)n
S =2 T Tt (42)

To rewrite (42) in terms of m and k, note that m > 2(1 4+ «k) implies

m m m
i gt
1+ ok 1+ ak 2(1+ ak)

Set My =1+ m Then (42) gives

sup hs(y)

< M, exp(—min{log2, o —log2}n
yes Ha(S) — o {log 82}n)

< M, exp(f min{log2, a —log2} ﬁ)

Since 1 + ak < (a+ 1)k for k£ > 1, the right hand side is at most

M. exp(f min{log 2, a —log?2} m)'
2(a+1) k
This proves (38) with

min{log 2, a —log2} 1
o = . My =14 —
2(a+1) + 1 _ ¢—(a—log2)

Corollary 5.2 Let np € (0,1) and let k : Zso — (0,00) satisfy k(m) = o(m).
Then there exists an integer mg > 1 such that for every integer m > mg there
exist integers n,d > 1 with n +d = m and a convex body C C R"*? such that,
writing S := C N (Z™ x RY), the projection projg.(C) contains a translate of
k(m)BY but

sup hs(y) < nHa(S).

yeSs
Equivalently, there is no sublinear function k(m) = o(m) that can serve as a
threshold based only on the dimension that guarantees a dimension-free constant
fraction lower bound for mixzed-integer halfspace depth.
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Proof Choose any a > log 2 and let v, M, be the constants from Theorem 5.1.
Since k(m) = o(m), we have m/k(m) — oo. Thus, there exists an integer
mgo > 1 such that for every integer m > my, the integer k := max{2, [k(m)]}
satisfies m > 2(1 + ak) and M, exp(—vam/k) < n. Apply Theorem 5.1 with
this (m, k) to obtain integers n,d > 1 with n +d = m and a convex body
C C R™*4 such that projg.(C) contains a translate of kB” . Since x(m) < k,
the projection also contains a translate of x(m)BZ. Finally, (38) implies

supyeg hs(y)/Ha(S) < n.

Together with Theorem 2.4, this shows that the dependence on the total
dimension in the box-radius assumption cannot be reduced to o(n + d) under
this type of hypothesis.

6 Conclusion

The main contribution of this paper is a linear threshold for Oertel’s conjecture
on mixed-integer halfspace depth. Under the assumption that the projection
K = projg. (C) contains a translate of kB with k > 3e(n+d), we have shown
the existence of a point in S = C'N(Z" x RY) achieving depth at least 5-H4(S),
which implies the conjectured ﬁ bound. Our condition scales linearly in the
total dimension and linearly in d, improving upon prior thresholds that depend
exponentially on n or polynomially as d?n3/2. We have also shown that a linear
threshold cannot be relaxed: no sublinear radius k(m) = o(m) can guarantee a
dimension independent constant fraction lower bound.

The most natural direction is to investigate whether Conjecture 2.3 holds
for every convex body C' C R"t¢ without any largeness assumption on the
projection. The authors do not see an obvious approach to this question and it
seems to require fundamentally new ideas. There also seems to be scope for
improving the quantitative bounds: Theorem 2.4 guarantees depth % —O((n+
d)/k) for large k, while Theorem 5.1 constructs sets with depth exp(—©(m/k)).
Closing this gap and determining the exact asymptotic dependence on (n, d, k)
remain open.

Finally, the point y* in Theorem 2.4 arises from centroid rounding and
its efficient computation is unclear. Can one approximate such a point from
standard oracles for C7 More broadly, can one design a polynomial time cutting
plane procedure that provably removes a constant fraction of mixed-integer
volume per iteration? Progress on these questions would have direct implications
for the complexity theory of mixed-integer convex optimization.
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